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The paper is concerned with the com binatorial and statistical problems arising in the theoretical analysis of linkage in polysomic inheritance. The second section gives a m ethod of enum erating the heterogenic genotypes capable of being composed with given num bers of genes. In the third section these are classified in isomorphic sets, which correspond with the partitions in two or more dimensions of the num bers 4 and 6. T he members of an isomorphic set can be generated by syste m atic gene substitution from any m em ber of the set, and in consequence yield populations of gametes with equivalent frequencies. An aspect of the subject which has escaped attention is the m ultiplicity of the modes of gamete formation. T heir enum eration is discussed in §4, and leads to the specification in §5 of the gametic matrices for the 16 sets or pairs of isomorphic sets arising in tetrasomics with two linked loci. In most cases the rank of the m atrix is less than 11, so that the gametic series from the genotype con cerned is deficient in respect of some of the inform ation sought. Different sets of genotypes m ay be used to supplem ent one another's information. The final section discusses in outline the statis tical problem of estimating the frequencies of modes of gamete formation from observed gametic series.
P a r a m e t e r s s p e c i f y i n g t h e f r e q u e n c i e s o f m o d e s o f g a m e t o g e n e s is
The genetic constitution of an organism, derived from the fusion of two gametes, is specified by the genetic constitutions of the two constituent gametes. The laws of inheritance obtained by genetic studies are the rules whereby, given the constitution of an organism, the kinds of gametes it can produce, and their relative frequencies, can be predicted. As conceived by Mendel, no parameters entered into these rules; all possible combinations of elements drawn from the homologous pairs supplied by the parents were thought to appear in the gametes with equal frequency.
The discovery of the rules of gamete formation in cases of linkage in the early investigations with Drosophila melanogaster first altered this situation by showing that the gametic output from an organism doubly heterozygous for two linked factors could only be predicted in terms of the appropriate recombination fraction. Two modes of gametogenesis are con ceived, one resulting in a gamete in which both of the two genes considered were derived from the same parent, whereas in the other they were derived from different parents. The latter is very generally the less frequent, and the proportion its frequency bears to the whole is known as the recombination fraction. It is often called the cross-over value Vol. 233 . B. 5Q4 (Price 5.?. 6 (or c.o.v.) , a term which is inaccurate save for close linkage, since crossing-over, involving the interchange of germinal material, may occur in the intervening segment, without the recombination of the two genes specified.
With three linked genes, four modes of gamete formation are distinguishable, since recombination may have taken place in the first segment, in the second, in both, or in neither. There are thus three parameters to be determined empirically. With / linked genes, the number of distinguishable modes of gametogenesis becomes 2/_1, and the number of para meters necessary to specify the gametic output is 1. It is to be presumed that these may be expressible, at least approximately, in terms of the genetical lengths, or of the recombination fractions of the / -I segments, but it should be emphasized that no satis factory way of doing this has been put forward. Following early work by Haldane (1919) , Kosambi (1944) has recently proposed that the relationship between the recombination fraction, y, and the map distance, x, may be approximately of the form 56 R. A. FISHER ON THE THEORY 2 y = tanh (2#), so that the recombination fraction corresponding with the sum of two segments, having recombination fractions y x and y2i would be V\ + 2 ~h ± l l l-Mz/^2* The frequencies of the four gametic types produced by a triple heterozygote could then be expressed in terms o f^ and y2 only: Where tests are possible the formula is evidently sufficiently nearly correct to represent a step in the right direction. It does not, however, offer a complete theory of gamete for mation for linked factors, since with four factors or more the frequencies of the different gametic types cannot by its means be specified in terms of single parameters for the different segments. With four loci, for example, it yields the recombination fractions between all six pairs, whereas seven relationships are needed among the eight frequencies of distinguish able modes of gametogenesis. A formally complete specification would express the series of frequencies . Po> Pl> Pz> Pvof a segment in a gamete having experienced 0 ,1 ,2 ,... breaks in the preceding meiosis, all in terms of a single parameter, in terms of which, therefore, the recombination fraction V = •••> and the map distance x = p x + 2 could likewise be expressed. A second extension of Mendel's ideas has come with the discovery of polysomic inheritance, in which organisms containing sets of four or six homologous loci are reproduced normally* * I am not concerned in this paper with the abnorm al gamete form ation often observed in artificial polyploids.
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by means of diploid or triploid gametes. This possibility greatly increases the number of genotypes which can be generated from one or a few gene substitutions. For, whereas with diploids one is concerned only with the partitions of 2, (2) homozygous, ( l2) heterozygous, with tetraploids, variation at a single locus will yield organisms of types corresponding with the partitions of 4, namely, (4) homogenic, (212) trigenic, (31) digenic, simplex or triplex, ( l4) tetragenic.
The terms simplex, duplex and triplex, indicating the number of dominant genes, are insufficient even with tetraploids to express the full classification by partitions, and this is still more so with the eleven partitions of 6 which represent the possible types of hexaploids. It is the distinction afforded by the partitions, which are themselves invariant for gene substitutions, which is needed for developing the laws of gametic output.
For a single locus, these laws, as has been shown by Fisher & Mather (1943) , may be developed very simply from the consideration that in tetraploids and hexaploids only two modes of gamete formation are distinguishable. The two genes in the gamete may either be derived from different chromosomes of the zygote, or more rarely may be identical and originate from the same chromosome. The frequency of the latter event may be taken to be independent of the gene content of the locus in question, and has been designated by the letter oc. Similarly, with hexaploids there might be representatives from three different chromosomes, or from two only, one having a double representation; the frequency of this latter event may be designated by /?. It would, generally at least, be impossible for all three representatives to have been derived from a single chromosome, since in meiosis each gene is only duplicated. With hexaploids therefore only gametes of the modes of origin ( l3) and (21) are expected, while with octaploids the modes of origin ( l4), (212) and (22) are all possible.
Introducing only one parameter representing the frequency distribution of the two modes of gamete formation, the gametic output of the four heterogenic types of autotetraploids are as follows: Although in the two instances in which Mendel's purely combinatorial scheme of in heritance has been modified by the introduction of parameters, which must be determined empirically, and which may be influenced by external circumstances such as temperature, and by genetic constitution, as by sex, yet there is no reason to suspect, save in quite extra ordinary cases, that the frequencies of different modes of gametogenesis will be influenced by the gene content of the particular loci being studied. The combinatorial character of Mendel's law is maintained in the generalization that: The gametic frequencies are invariant in respect of any gene substitution applied systematically to the genic content of an organism and of the gametes it produces. With but few exceptions, moreover, though this is not universal, the genetic specification of the zygote takes no account of which half of its content was derived from either parent. On these two principles a rational approach can be made to the theoretical analysis of linkage in polysomic inheritance.
2 . T h e e n u m e r a t i o n o f s e g r e g a t i n g g e n o t y p e s
In disomic inheritance the number of different genotypes segregating for each of l linked factors, or heterogenic at each of / linked loci, is 2l~l, and is equal to the number of dis tinguishable modes of gamete formation. In polysomic inheritance this equivalence no longer subsists. The number of genotypes in many cases is very large, and presents a OF LINKAGE IN POLYSOMIC INHERITANCE 5 9 problem of enumeration. Moreover, whereas with disomic inheritance all the genotypes heterogenic at the same loci are isomorphic in the sense that they yield gametic series with the same frequencies, the series for any one genotype being derivable from that of any other by a mere permutation of the gene symbols in parent and gametes, the different genotypes of polysomic organisms fall into a number of classes, only members of the same class being isomorphic in their gametic output.
If there is a choice of p different genes at one locus and of o' at a second on the same ch some, the chromosome can be made up in per ways; if there is a choice of r genes at a third locus, the number of combinations possible will be par, and so on. If a chromosome can be made up in n ways, the number of selections of four such chromosomes possible will be --j/z(721) (w-f-2) (w+3); the number of selections of six will likewise bê jr»(«+l) (w + 2) (w + 3) (w + 4) (w + 5).
Hence, giving p and cr the values of 1, 2, 3 and 4, the numbers of genotypes for tetra organisms, classified in respect of two loci, will be the values in These are the total numbers of genotypes containing p or fewer different genes at one locus, and a or fewer genes at the second. To find the numbers having exactly and s genes respectively, one must take the rth advancing difference for columns, and the fth advancing difference for rows, from p -0, cr = 0 respectively, i.e.
giving the derived table 2. All differences beyond the fourth must vanish, since a tetrasomic organism cannot accommodate more than four allelomorphs of the same factor. Geno types heterogenic at both loci are shown in the three last rows and columns. There are of these 266 genotypes in all. Before classifying these into sets of isomorphic genotypes, the results of applying the same method of enumeration to other cases may be given. Any genotype having r different genes at one locus, at a second, at a third, and so on, may be said to be isomorphic with any other specified by one of the r\ permutations of genes at the first locus, the si at the second, and so on. The maximum number of different genotyp in a set of isomorphic genotypes is thus r\s\t\ ..., but there may not be so many as this. If the group of permutations for which the genotype is invariant is of order N , then the number of genotypes in the set is r\s\t\ Since the gametic series produced by different isomorphic genotypes are equivalent, the experimental examination of the gametic series supplies equivalent information in respect to the frequency of different modes of gamete formation. The use of more than one genotype of an isomorphic set will be of value only in eliminating such disturbances of the apparent gametic output as arise from unequal viability. The parallel use of non-isomorphic genotypes may, on the contrary, be essential in experimental work, for each may supply information on points on which the other is either of low value of or none.
Sets may be related by permutations of loci. Permutations of loci for which a set is in variant can involve only permutations of lop having the same numbers of different genes. Thus with two loci having the same number of different genes, any set which is transformed into itself by interchange of loci may be said to be self-conjugate. Alternatively, it must belong to a pair of conjugate sets. Genotypes belonging to conjugate sets may supply supple mentary information, for not all modes of gamete formation are invariant for permutations of loci.
When there are only two loci, the sets of isomorphic genotypes may be represented by bipartitions in p i a n o , the rows and columns standing for the different genes available at the two loci, and each entry showing the number of chromosomes having the two genes specified. It is easy to recognize the symmetry of such bipartitions, and to put down the number of genotypes in the set. Thus the nineteen genotypes with two different genes at each of two linked loci of a tetrasomic organism fall into four self-conjugate sets, and one pair of con jugate sets. When s is not equal to t every set belongs to a pair of conjugate sets, falling in symmetrically placed entries of the enumeration 24 genotypes in one self-conjugate set.
The whole of the genotypes of table 2, heterogenic at both loci, are thus comprised in eight self-conjugate sets of genotypes, and eight conjugate pairs of sets. There are thus sixteen cases requiring separate genetic investigation; these correspond with the bipartitions in piano of the number 4.
The bipartitions of the partible number 6, giving thirty-six self-conjugate sets and 120 conjugate pairs are set out, with some simple omissions, in table 9. These serve equally to classify the possible hexasomic genotypes involving two loci.
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T a b l e 9 . B i p a r t i t i o n s o f t h e p a r t i b l e n u m b e r 6 . 1 5 . . . . . With three linked loci in a tetrasomic organism, the isomorphic sets correspond with the tripartitions in solido of the number 4. These are not so easy to illustrate and enumer The following list accounts for the numbers enumerated in tables 5 to 7.
Three loci with two genes each. Four self-conjugate
, and seven trios num ber num ber of conof genonum ber invariant perm utations ju g ate types in of 3  12  36  3  24  72  3  24  72  3  12  36  3  12  36  3  12  36  3  12  36  6  24  144  6  12  72  6  12  72  6  24  144  6  24  144  6  24  144 1044 invariant perm utations ___________ *__________ allelom orphs factors 
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allelom orphs factors all suffices all loci
There are therefore 200 isomorphic sets in all, comprising 8 self-conjugate, 36 trios and 14 sextets, or 58 essentially different kinds of genotype.
A d d e n d u m o n c e r t a i n e n u m e r a t i o n s o f i s o m o r p h i c s e t s a n d g e n e r a For numbers of loci exceeding three, the numbers of genotypes are large and their rela tionships complex. The enumeration of the isomorphic sets presents a problem somewhat analogous to that of the enumeration of the modes of gamete formation, discussed in § 4. The following results for l loci in tetrasomic organisms may be noted: all simplex (3 1) all duplex (22) all digenic all trigenic (2 l 2) digenic or trigenic all heterogenic num ber of isom orphic sets (4* + 6.2* + 8)/24 (3* + 3)/6 (7* + 9.3* + 14)/24 (6* + 9.2*)/24 (13* + 9.5* + 14)/24 (14*+ 9 .6 '+ 1 4 .2')/24
Numerically these give, so far as six loci: It is curious that the number using all partitions (other than (4)) should be just 2Z times the number using digenic partitions only.
The isomorphic sets enumerated above are distinct in that no one can be transformed into another by gene substitutions at the same locus; different sets may, however, be related by permutation of loci, and so many as /! different sets may thus belong to the same genus.
The enumeration of such genera involves expressions analogous to those of the Eulerian generating functions for the enumeration of partitions. Indeed, for factors all simplex the number is merely the number of partitions of not more than four parts, while for factors all duplex it is the number of partitions of not more than three parts. The others are more complex and need somewhat intricate arguments to build them up.
all simplex all duplex all digenic all trigenic digenic or trigenic all heterogenic
Generating functions for numbers of genera 1/(1 -x ) ( 1 -X 2) ( 1 -X 3) (1 -X4) 1/(1 -x ) ( l -X 2) ( l -X 3) ( l + x 3 + x4 + x5+ x 6 + x9) / ( l -x ) 2 ( 1 -x 2)2 ( 1 -x 3) 2 ( l -X 4) ( l + x 3+ x 4 + x5 + x6 + x9) / ( l -x ) ( 1 -x 2) 2 ( 1 -x 3) 2 ( 1 -X 4) r 1 + 2x2 + 10x3 + 19x4 + 34x5 4-66x6 -f-96x7 + 128x8 + 152x9 + 128x10 + 96xu + 66x12 + 34x13 + 19x14 + 10x15 + 2x16 + x18
The numerical values are: 
. T h e e n u m e r a t i o n o f m o d e s o f g a m e t e f o r m a t i o n
The enumeration of the modes of gamete formation is essential for the study of linkage in polysomic organisms, for, given the mode of formation, any one of the multiply-heterogenic genotypes enumerated in the previous section yields a known gametic series merely by applying Mendel's law. Moreover, the frequency of different modes of formation is very generally independent of the genotype, so that if determined experimentally for chosen genotypes the frequencies ascertained give the gametic series applicable to all. In disomic inheritance, the number of modes of formation distinguishable by the use of l linked loci is 2Z_1, requiring 2l~l -1 independent parameters for the specification of all frequencies With polysomic inheritance at a single locus only one parameter is required for tetrasomic and hexasomic organisms, while octosomic and decasomic organisms would require two.
The recognition of the modes of gamete formation may be illustrated with the case of two linked loci in a tetrasomic organism. If all four genes at each locus are different, the number of different possible chromosomes is 16, and the number of different possible gametes is Every possible gamete contains a selection of portions from one or more of the four parent chromosomes. Permutations of the four chromosomes from which it arises will generate a set of gametes having the same mode of origin. All possible gametes may thus be accounted for. Table 10 shows the results from the parent There are therefore eleven modes of gamete formation to be distinguished, of which seven are invariant for interchange of loci, while four are in two conjugate pairs.
The number of modes of formation in tetrasomic organisms distinguishable by means of l linked loci may be found as follows. In the two gametes to be selected there are 2/ places to be filled. The number of ways of dividing these 2 places into exactly s divisions is jjA sa21 (er = 0).
The sum of these values for 5 equal to 1, 2, 3 and 4 will therefore enumerate all possible gametic types, but will count twice those which are altered by interchange of the two chromo somes. The true number may therefore be obtained by adding the number unaltered by interchange of the two chromosomes, and dividing the whole by 2.
In any gamete which can be transformed into itself by interchange of chromosomes, and subsequent permutation of the sources from which its portions are drawn, the two chromo somes must be divided alike. Since each contains l loci the number of ways in which they can be divided alike into s divisions is~z lV (<r = 0).
Each such subdivision will yield a number of different types according to the value of s.
I fs -1, there will be two symmetrical types, with chromosomes alike and unlike respec tively, as in (1) and (2) above.
If s = 2, there will be five symmetrical types, corresponding with numbers (6), (7), (8), (10) and (11).
If s -3, there will be four having three sources only, and six having four sources, or ten in all.
I fj = 4, there will be ten having four sources, this being the number of elements, including the identity, of the permutation group of four objects, of which the squares reduce to the identity.
The number of symmetrical gametes which can be selected is therefore
Half the sum of the two expressions now obtained is readily found to be * . l t f + i . 4 '+ i
When l takes the values 1, 2, 3, 4 the numbers of modes of formation are thus 2, 11, 107, 1451, increasing thereafter nearly 16-fold for each additional locus.
The 107 modes of formation for three linked genes consist of five self-conjugate, twentytwo trios and six sextets. They may be put on record as shown in table 11.
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If three appearances of the same gene were admissible, the number of types of gamete produced by a hexaploid organism completely heterogenic at each of l linked loci would be 6*(6*+l) (6z + 2) -r 6.
Of these the number using three identical genes at each of r loci is 6 r( f -r ) ! r ! 6'~f(6'~r+ 1 ) (6'~r+ 2) -6-Hence the number of gametic types in which triplicate genes are never used is 6Z( 6 '+ 1 ) (6z + 2 )-i-6 , -6 /.6 /-1(6i-1 + l) (6i_1 + 2) -T-6, -f-62.-|7(/-1) . 6i-2(6i-2+ 1) (6^_2T 2) 6, etc., or, summing the series, 1{(62 -l) z + 3(6 -1 )z} = 6/-15z(7z + 3).
If / = 1, this is 50, namely, the twenty types made of the selection of three genes out of six, and the thirty in which one gene is chosen to appear twice in conjunction with a single representative of each of the others. When 1 = 2 the numb forty modes of gamete formation, of which twenty are invariant for interchange of loci, while there are ten conjugate pairs, as shown in table 12. The chief practical obstacle to work with polysomic species lies in the recognition of the genotype of the gametes produced. With disomic species a backcross to a multiple recessive will produce offspring from the phenotype of which the genotype of the gamete responsible can be recognized. With polysomic reproduction, however, a gamete may contain one dominant gene, or perhaps more, and the phenotype of the offspring, unless dominance is incomplete, does not specify the gamete which produced it. Moreover, even if dominance were completely absent, and simplex, duplex, triplex and quadruplex organisms could all be recognized, still no distinction could be made between the offspring from such gametes as Ab/aB and AB/ab, which contain the same genes differently associated.
T a b l e 12. M o d e s o f g a m e t e f o r m a t i o n f o r t w o l o c i i n a h e x a s o m ic o r g a n is
The genotype of the gamete can, however, usually be recognized by performing a second backcross, i.e. by crossing to a multiple recessive in two successive generations, so that each gamete is recognized, not by the appearance of a single individual, but by the frequency distribution observed in a family of 50 or 100 of its offspring. This method of the second backcross, though laborious and time-consuming, is extremely powerful in unravelling the complex situations of polysomic inheritance. It will therefore be supposed that the gametic output of chosen genotypes is tested in this way.
For tetrasomic inheritance the number of gametic genotypes produced by any organism is easily calculated. For a tetrasomic organism having rgenes at one locus and j1 at a second it is ir s ( r s + l), if there were also a choice of t genes at a third locus, the number would be lrst{rst+ \ ), and so on. For hexasomic inheritance the number will depend also on how many genes are only singly represented.
Putting r, s equal to 2, 3 and 4, and t = 1, then the numbers of ga
Since the gametic output is specified for each mode of gamete formation in question, of which in this case there are 11, any given genotype is associated with a matrix of 11 rows, each of which gives the frequency distribution of the different possible gametes. The matrix has thus as many columns as there are gametic genotypes.
The frequency distributions for different modes of formation are not, however, entirely independent, for, at each locus, the average number of genes of each kind in the gametes must be half the number in the parent zygote. The numbers of restrictions due to this cause are shown in similar form below: The rank of the gametic matrix cannot exceed the difference between the corresponding entries in the first table and the second. Thus the nineteen genotypes having only two genes IO-2 at each of two loci have each a gametic matrix of rank no greater than 8. Since only a matrix of rank 11 could determine the frequencies of the eleven modes of gamete formation, it is clear that no one of these used alone could suffice for the purpose. The information supplied by each of these genotypes must be somewhat deficient. An examination of the matrices is needed to ascertain to what extent they suffer from deficiencies common to all, and to what extent some may supplement the deficiencies of others. A gametic matrix need be prepared only for each set of isomorphic genotypes, for per mutation of the genes will permute all rows of the matrix alike, and therefore permute whole columns. Hence for different isomorphic genotypes the same series of frequencies will be observed, though these will refer to different gametic genotypes. There is, of course, no such relationship between the frequencies of phenotypes of the first backcross generation.
The gametic matrix of a simplo-duplex tetrasomic organism is shown in table 13. There are 11 rows and 10 columns, but on examination the rank of the matrix is found to be only 7.
It must therefore be possible to find a 4 x 11 matrix of rank 4 which will premultiply it to zero. This is shown in table 14. This may be called the deficiency matrix, as it specifies the extent and nature of the deficiency of the information available from this group of genotypes for the evaluation of the frequencies of the eleven modes of gamete formation. The sum of the products of the elements of each row of the deficiency matrix with each column of the gametic matrix vanishes. In other words, any multiple of any row of the deficiency matrix may be added to the frequencies of the modes of gamete formation without altering the gametic output. As arranged in table 14 the first two components of the deficiency matrix are seen not to involve the two pairs 4 and 5, and 7 and 8 of modes of formation, which are interchanged by interchange of loci. These two components are therefore common to the deficiency matrices of the two conjugate sets of genotypes. Using genotypes from both these conjugate sets, however, the deficiency is reduced to these two elements.
The gametic matrices of the two other sets of four isomorphic genotypes, shown in table 15, typified by the genotypes bisimplex coupling, and bisimplex repulsion, are both of rank 8, . .
• and have 3x11 deficiency matrices. It will be seen that all four sets have two elements of deficiency in common, and no two of them have any other common element. Consequently, genotypes belonging to any two of these four sets may be used to reduce the deficiency to two elements, or to supply eight equations for the ten unknowns. The two remaining sets (table 16 below) , which comprise the three biduplex genotypes, supply one but not both of the missing equations. The set of two, biduplex coupling and repulsion, has a matrix of rank 6, while the unique genotype biduplex neutral has one only of rank 4. The former is the more useful, especially as its two genotypes may be made up at will by crossing homogenic organisms. O f these doubly digenic genotypes a set of three belonging to differen t isomorphic sets, of which one is biduplex, will leave only one degree of indeterminacy. Moreover, the information lacking from such a test is just that which is not needed in predicting the gametic output of any of these nineteen genotypes.
If, from a simplo-duplex organism, instead of breeding a second generation by the double backcross, all four genotypes of the set had been used, and the first generation classified in four phenotypes, an 1 1 x 16 phenotypic matrix would be obtained. This, of course, must have the same elements of deficiency as the gametic matrix of the same parents, but it may have others in addition. On examination it is found to be of rank 6, and so to have one additional element of deficiency. This is easily seen to be the element for the first and last rows of the gametic matrix are equivalent save for the interchange of the gametes Ab/aB and AB/ab. Since this is true of the gametic matrices of al clear that the phenotypic classification of the first backcross, however thoroughly carried out, will always leave a second element of deficiency, which will leave one ignorant of the frequencies with which the different kinds of gamete are produced.
Since the first two modes of gamete formation involve no recombination, while the next three involve one recombinant chromosome, and the last six two recombinant chromosomes each, the recombination fraction is equal to the sum of the frequencies of modes 6 to 11, together with half the frequency of modes 3 to 5. It may be noticed that the vector 0 0 1 | l 1 1 1 1 1 1, regarded as a column matrix, is premultiplied to zero by all the deficiency matrices obtained above, except that for the unique genotype of biduplex neutral. Consequently, the re combination fraction can be ascertained by a double backcross from all except one of the doubly heterogenic genotypes. Moreover, all genotypes will suffice to ascertain the fre quencies of double reduction at the two loci severally, given by the vectors 01010001010 and 0 1 0 0 1 0 1 0 0 1 0.
These three ratios are therefore easily ascertainable by double backcrossing. With single backcrossing, however, the frequency of recombination must always be indeterminate, owing to the equivalence of the first and eleventh modes of formation, having 0 and 2 recombinant chromosomes respectively. The method of determining the recombination fraction, which first presents itself, by making up biduplex organisms in coupling and repulsion, and backcrossing these to double recessives (or intercrossing them) as practised by Haldane & de Winton (1931) , is bound for this reason to leave the recombination fraction indeterminate. ' The four conjugate pairs of sets of genotypes having three genes at one locus and two at the other (table 17) , all have matrices deficient in the same element which is common to all genotypes digenic at both loci. Experimentation with these genotypes will not therefore supply the missing information. Equally, the gametic series for these sixty genotypes can be determined by experimentation with digenic organisms only.
The same is true of the two conjugate pairs of sets of genotypes having four genes at one locus and two at the other. In the genotype used for the first of these, the formula is invariant for all permutations of the three genes a2, a3 and a4. Consequently, all gametes which can be generated from any one by such permutations must appear with equal frequency for all modes of gamete formation, and so can be accommodated in the same column of the matrix. The thirty-six different kinds of gamete then require only thirteen columns. In the genotype used for the second set the corresponding group of permutations is that generated from [d\a2 )? (^3^4) and (a\ az) (<22^4) (^)* Table 18 gives the numbers of disti gametes represented in each column, and the total frequency of these for each mode of gamete formation.
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T a b l e 1 8 . G e n o t y p e s t e t r a g e n i g a t o n e l o c u s , a n d d i g e n i c a t t h e o t h e r . .
• . When three genes are present at each locus, the only possible component of deficiency is that common to the bisimplex and the biduplex digenic types and, in fact, the smallest of the three sets trigenic at both loci in table 19 has a matrix deficient in this component. The two remaining sets, of eighteen and thirty-six genotypes respectively, are not in any way deficient, having gametic matrices of rank 11. This is true also for the conjugate pair of sets of thirty-six genotypes having three genes at one locus and four at the other (table 20) . There are in this case seventy-eight different kinds of gametes, but in respect of mode of formation these fall into only twenty-nine classes, ten homogenic at the locus with four genes, and nineteen heterogenic. The first class is produced only by modes of gamete formation 2, 4, 8, 10 , and the second class by the re maining seven modes of gamete formation. The gametic matrix thus falls into two portions. These gametic matrices are written out (table 20) for the genotype by permutation of the four «-genes and the three £-genes, the equivalent matrices may be found for each of the thirty-six genotypes of the set. In the case of the set of twenty-four genotypes having four genes at each locus, all eleven modes of gamete formation are separate, so that the classification of the gametes supplies a direct enumeration of the frequency of the corresponding modes of formation. It is, however, exceptional for the experimenter to possess more than two allelomorphs of any given factor, so that the opportunity of making up genotypes of this Set must be for a long while altogether unexpected.
T he estimation of frequencies of modes of gamete formation
In disomic inheritance the backcross of a multiple heterozygote to a multiple recessive allows the frequencies of the 2L gametic types to be estimated, subject to erro sampling, in the first generation. Further, the 2l~l pairs of complementary gametic types I 1-2 recognized in this way arise by the 2l~x possible modes of gamete fo species it was seen that a second backcross generation suffices for the recognition of the different gametic types, and therefore for the estimation of their frequencies, but only if all the genes in the parent organism, at the loci tested, are distinct will it be possible to assign these gametic types each uniquely to its own particular mode of formation. This would require the use of four different allelomorphs at each locus with tetrasomic organisms, and of six with hexasomics.
A good many polysomic species are now known, and in these an increasing number of factors are available for experimentation. It is, however, exceptional to possess more than two genes at any one locus. In many cases perhaps no more than two genes exist. Infor mation as to the frequency of modes of gamete formation will in such cases be indirect, and sometimes in some measure deficient. The statistical problem of utilizing such information deserves consideration.
The general nature of the statistical problem presented may be stated as follows: If
be a row matrix representing the unknown frequencies of the different modes of gamete formation, having, for example, eleven components for tetrasomic organisms tested at two loci, then
is the gametic matrix, specifying for each mode of formation, , the frequency of the gametic type, k, so that
for all values of i ,t hen if N gametes have been tested for the genotype in question, it f that G = Ngi with the understanding that when several genotypes have been used, with different numbers of gametes tested N, N', N ", ..., the matrix G will have columns, each wit symbol k, corresponding with all combinations of parental genotypes and gametic types which need to be distinguished, and rows corresponding with the modes of gamete formation, so that the sum of the elements in each row is N + N ' + N " + ....
Then the matrix equation
specifying the expected numbers of all relevantly distinguished types of gamete. The data provided by any experimental investigation will consist in the observed fre quencies ak of the same types of gamete, and the principle of maximum likelihood requires that I X log % k should be maximized for variation of the components of F.
A general method for solving equations of estimation which are multiple and non-linear is to replace them by linear equations chosen so as to be consistent everywhere, and efficient in the neighbourhood of a trial solution. Successive approximations will then usually give adjustments of increasing relative precision as in Newton's method of approximation. The second approximation arrived at in this way will usually be fully efficient in the sense that the efficiency tends to 100 % as the sample tested is increased.
The case to be considered presents certain peculiarities which may be a source of confusion: (i) the relative frequencies to be estimated are not independent, (ii) the gametic matrix is usually such that an arbitrary frequency matrix, such as for tetrasomic organisms e, 0, -2 e , 0, 0, 0, 0, .0, 2e, 0, -e may be added to F, without affecting any expectations. For any method which may involve heavy computation it is most desirable that the dif ferent components should be treated symmetrically; for unknowns, however, connected by a linear equation, the information matrix will contain infinite elements. This difficulty may be overcome by introducing new symmetrical variables #•, defined by the relations from which it can be seen that identically, throughout the region.
Z f = 1.
Any value 6 may now be varied, keeping all others constant; the information matrix for 6 will be finite, though degenerate, as is the covariance matrix for f , which as will be seen may be derived from it.
The simplest treatment of the second difficulty is to choose one of the frequencies involved, such a s /n , to be zero in the trial solution and to ignore this variable. Confirmation that the choice has been judicious is obtained if no other variate tends to zero on fitting to the data. The arbitrary frequency matrix may then be subtracted from the solution for positive values of e, up to that value for which either f x or f 9 vanishes. Now, in the present problem, Hence the equations of maximum likelihood take the form k m k and for any trial values the left-hand side represents the discrepancy from which a correction can be obtained. If any corresponding row and column of this information matrix be omitted the remaining matrix is in general no longer degenerate and may be inverted to form the covariance matrix of the remaining parameters 0t. Multiplying each column of the covariance matrix by the discrepancies corresponding with the rows, the adjustments are obtained for an improved solution. Using the relations with the adjustments A0{ so obtained, the corresponding adjustments Af{ follo necessity to zero, for all values of i.Thus the values A0t are each mu for all values for which A6{ has been obtained. This general value is subtracted from Adiy or from zero, and the difference multiplied by fExactly t sion to the rows and columns of the covariance matrix for . produces that for jf, all rows and columns in this latter case necessarily add to zero.
The procedure may now be exemplified using the simple case provided by a tetrasomic plant having four genes at one locus and three at the other. Double reduction at the first locus is now recognizable, and occurs in only four modes of gamete formation, these being responsible for ten types of gamete. Suppose the frequencies observed in the ten classes showing double reduction at the a locus to be 18 9 6 16 1 7 2 3 2 2, S(a) 66.
Let the four modes of gametic formation be (erroneously) guessed to have frequencies From each term is now deducted the product of the margins divided by 66, giving the simply degenerate matrix, which is the information matrix of the 6i:
>-----------------5 --------------------2 . Omitting any corresponding row and column, this may be read as the information matrix for the remaining adjustments A6(. Thus, omitting the fourth row and column and inverting the matrix, it is seen that Ve is The first three of these discrepancies, multiplied by the rows of the covariance matrix Vd) give the required adjustments Omitting the first row and column and inverting, the covariance matrix of #2, $3 and is found to be If, however, one is concerned to estimate the absolute frequencies of these four modes of gamete formation, and if N gametes in all had been tested, the estimates obtained above
